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Properties of the density matrix from realistic calculations
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We compute the single-particle density matrix in laf§80-, 512-, and 1000-atgrmodels of fcc aluminum
and crystalline(diamond and amorphous silicon and carbon. We use an approximate density functional
Hamiltonian in the local density approximation. The density matrix for fcc aluminum is found to closely
approximate the results for jellium, and the crystalline and amorphous insulators exhibit exponential decay
albeit with pronounced anisotropy. We compare the computed decays to existing predictions of the fall off of
the density matrix in insulators and find that the “tight-binding” prediction of Kghvi. Kohn, Phys. Rev.
115 809 (1959] provides the best overall fit to our calculations for Si and C.
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. INTRODUCTION =Tr(,3|:|)=EVE#UpmHMEEVFV. Here, the sum index,,
. o . . emphasizes that only a finite number of tertmslependent
~ There is a continuing effort to improve the efficiency of ¢ gystem size and only from the local environment of basis
single-electron methods for modeling materials. Examples ofnctions near the site associated with needs to be com-
these are density functional approaches, and also simple thted. Then the CPU time for computifig scales adl ry-;
efficient tight-binding schemes. A unifying feature of thesethe desired linear scaling, i is the average time to com-
efforts is the need for a real-space localized representatiopyte the “local” band energy for the # locale” T',. For a
for the one-electron stat¢kohn-Sham orbitals in a density detailed discussion, see the reviews of Goedéckard
functional computation or almost equivalently a real-space Ordej’cn.g
localized density matrixDM). While there have been many
calculations exploiting a real-space local representdtfon, [l. ELEMENTARY ESTIMATES OF THE DENSITY
there have been few serious attempts to study the spatial MATRIX
degay of th? DM in real materials and with realistic Hgmil- For the free electron gas at zero temperature, the DM is
tonians(for Imear_ alkanes, however, see Ref. Bhe DM is given in standard textbooKe,
expected to provide a lower bound on how well localized the
Wannier states may b@ useful explicit recipe for building
these states to minimize their extent has recently been
giverf). In this paper, we directly compute the DM for a
metal (Al) and for crystalline and amorphous phases of Si =3n[sin({)— ¢ cog 115, (1)

and C. Among other things, we show that Al is very 1Eree'whereg“=kF|x—x’|, ke is the Fermi wave vector, analis
electron-like, discuss the significant anisotropies in the DM, density of the electron gas

in insulators, and compare the computed spatial decay to The DM for this system has long range &0 the DM

available predictions. . . (and electron pair distribution functipmviggles and decays
The single-particle density operatgr={exdB(H—u)  as a power law foz— .1° The analytic origin of the slow
+1]}~* probes the spatial locality of electrons, and enables @ecay is the abrupt cutoff at the Fermi surface, and is math-
spatially local formulation of the electronic structure prob-ematically nothing more than a case of “Gibbs’
lem (B is the inverse temperature and is the chemical phenomenon®! as seen in the theory of Fourier series. Of
potentia). Kohr? has stated this clearly. He called the depen-course it is quite physical in this case and is similar in origin
dence of ground state properties on the local environmenp Friedel oscillations and the oscillatory Ruderman-Kittel-
“the principle of nearsightedness,” and observed that it “is Kasuya-Yosida interaction. For finite temperature the decay
generally a consequence of wave-mechanical destructive iimvelope is exponential because of the smooth cutoff of the
terference.” It is difficult to perform analytical calculations Eermi function.
of p(x,x')=(x|p|x) in any but the simplest cases. As such, The real-space DM shows an exponential decay behavior
it is convenient to provide empirical insight from relatively at zero temperature for insulatofs:
realistic computations. , ,
Li, Nunes, and Vanderbfitand Daw recognized that us- p(XX")e exp(—y[x—=x']). @
ing a truncatedp(x,x’) could lead to a linear scaling total Kohn'® proved the exponential decay behavior in the case of
energy and force method. In an atom-centered local reprea one-dimensional model crystal. Stephetnal'* observed
sentation|u), the band energyfor example is just E,s  that the exponential decay of orthogonalized Wannier func-

p(x,x')zz(zw)*f*f d3ke =k (x=x)
k

<k
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tions in crystalline and amorphous systems with similar local N
topological orderand a similar mobility gapappears to be
close. o~ 015
Some simple predictions for the asymptotic decay of the et
DM are available. Ismail-Beigi and Ari&spredicted that for :
insulators in the weak binding limit one should observe an ~
exponential decay with rate o
M 005
o
Yub=aEgapM/7i2, (3) "
whereas Koht? suggested that in the tight-binding limit
-0.05 . .
0.0 25 5.0 7.5 10.0
Vo= (2Ega,M/$2) "2 @ x'-x(A)

We compare these to our numerical calculations below.

. FIG. 1. The real-space density matrix for the 500-atom Al sys-
Units for all decay rates are A. P Y X 4

tem. The inset is an enlargement of the density matrix for the tail
region to show the oscillatory behavior. The dot-dashed line repre-
lll. CALCULATIONS sents the calculation and the solid line is from Eb.

In this paper we implement reasonably realistic calcula- . .
tions, with an approximate density functional Hamiltonian Fermi level .We.” into the valence stajesind a power-law
due to Sankey and Niklewskf. This Hamiltonian has four decay and ringing was observed as for Al.
basis functions(pseudoatomic orbitalsper atom and em-
ploys the Harris functional and nonlocal pseudopotentials. B. Insulators
The basis is nonorthogonal an_d the method has been well \y/e have seen that the DM for Al is quite isotropic due to
tested for the systems we describe here. We compute the Die delocalization of the valence electrons. For Si and C, we
as calculate the DM along several directions including parallel

and orthogonal to the bond direction. As we show in Fig. 2,
there is a large degree of anisotropy in the decay of the DM
p(x,x")=2 2 W (X) (X)) (5)  for a 1000-atom model dfa) diamond Si andb) amorphous
n occ Si. The decay appears to be most rapid and monotonic along
in which ,(x) is thenth eigenvector of the Sankey Hamil- directions significantly different from the bond direction or
tonian. All calculations reported here were performed usingh€ direction orthogonal to it. The decay is slowest in the
exact diagonalization on 500-ato@l) and 512-aton{Si,C) ongitudinal (bond parallel direction. This result is in quali-
cells. As well as crystal phases, we use realistic models d@live agreement with results for orthonormal Wannier func-
a-Si and amorphous diamonda{D) due to Djordjevic,

Thorpe, and Wootel. Calculations are restricted to the 16" e 20
point of the Brillouin zone: the models are large enough to ;;g:
avoidk sums in addition to the band sums. Occupations are 10" | .90
computed forT=0. The DM'’s reported in this paper always
adopt the midpoint between two atoms as origin. While not 107
especially significant in metals, this is of course the bond s
center in the tetrahedral insulators we discuss later. 310
S10°
A. Metals e

Equation(1) is derived from the free electron gas. It is not 10
clear to what extent the electrons in a real metal mimic the 10° L
free electron gas. To study the decay properties in a real
metal, we extract the DM for a 500-atom model of fcc Al 10”7 P — .
(the supercell is 20.25 A on a sidéThe DM is calculated 0 24681012140 2 4 6 8101214

from Eq. (5). Figure 1 gives the decay of the DM in this r @) rd

metal. Clearly, the electrons behave much like free particles £ > Real-space density matrix for 1000-atom modelayf

in view pf the near coincidence of the analytlc result and th&jiamond Si andb) amorphous Si, both plotted on a logarithmic

calculation from Eq.(5). The electron density used for Eq. gcale. The curves indicate the decay of the density matrix for dif-

(1) isn=0.185 A~2 (the actual density of valence electrdns ferent directions from the bond center. Here 0° refers to the bond

which leads to the Fermi vectdg=1.763 AL, direction, 90° is orthogonal to the bond, etc. The lines plotted are
To check the origin of the ringing in Fig. 1, we also con- intended to be representative of the overall decay, and have slope

sidered a heavilyp-doped insulator ¢-Si) (by shifting the  y=0.49 A~? for the crystal andy=0.45 A~! for amorphous Si.
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tions reported in Ref. 14. The box size for the 1000-atom T T | T T
c-Si model is 27.15 A and foa-Si 27.694 A, O (a)

We have checked the formula of Ref. 15. Using experi- [
mental values fora and E

g, the authors obtainyy, ®
~0.8A ! and 2.5 At for c¢-Si and c-C, respectively. B o
Kohn's prediction® for the tight-binding regimdEq. (4)]
yields yy,~0.54 A~ for Si andy;,~1.19 A~ for C. Evi- [
dently these two approaches give reasonably similar results
for Si, but very different rates for C. Best fits from our cal- =2
culations givey~0.49 A~! for c-Si and y~1.34 A~ for

c-C, in rather good agreement with the estimate of Kohn for
both materials and in reasonable agreement with Ismail-
Beigi and Arias® for Si. In fairness to the authors of Ref. 15,
they would not expect C to be well described by their ex-
pressionEq. (3)]. We should note that there is such an im- [ Q O 1
portant effect from directional anisotropy that there is some ) I ) I ™
significant uncertaintyof order 0.05 A1 in the decays re-
ported. The rates reported here are from a calculation on a
1000-atom model o€-Si and a 512-atom model of diamond
(box size 14.24 A).

Next, we discuss the DM for a 1000-atom model of amor-
phous Si(Ref. 18 and a 512-atom model af-diamond®’
These disordered networks have much of the l¢t=tlrahe-
dral) character of diamond albeit without long range order.
We observe that the asymptotic decay ratesf&i anda-Si
are not very different. Stephaet al'* conjectured that the
decay of the Wannier functions WF'&s well of the as
DM’s) is related to separation of the extended occupied and
unoccupied statetimilar for these amorphous and crystal-
line modelg, i.e., the width of the mobility gap, a statement
consistent with our work. While there is minor variation in
decay rates, within fitting uncertainty, all decay ratesfesi
are similar(and approximately equal to the result for the
crysta), independent of whether a strained bond or a “typi-
cal” bond is selected, within the uncertainty due to anisot-
ropy. The same is true f@a-D. We emphasize that the short
range character of the DM depends strongly on the choice of
bond, but not the behavior of the tail of the DM. One can
interpret this as a consequence of the work of Rehr and
Kohn'® and of Kohn and Onffroy® who show that long
range decay of the DM is very similar for “ordinary” or
highly defective sites. We observed a similar insensitivity in
the tail when we introduced artificial defectsdrSi. We also
observe that Stephan, Martin, and DrabBdldoted that or-
thogonalized Wannier functions f@-Si have an intricate
nonspherical structure depending on the disorder in the ma-
terial, which is consistent with our work.

In Fig. 3, we report contour plots for the DM starting at a
bond center. The figure shows the DM’s for the cry§Ead.
3(a)], and two sitestetrahedral and defectiyéor a-Si[Figs.

3(b) and 3c)]. Notice that the DM shows a clear tendency to
become nonspherical in all cases, reflecting the directionality G, 3. contour plot of real-space density matrix fay c-Si,

of the covalent bond. In a disordered environment, this symep) a-S; at tetrahedral bond, ard) a-Si at a badly strained bond.
metry is retained near the origin for a nornféétrahedral  The abscissa is the longitudinal and the ordinate the transverse di-
environment and destroyed at larger correlation lefifth.  rection relative to the bond. Box edge is 20(these cells have 512
3(b)]. In a-Si, even the structure near the origin for the non-atoms. The dashed lines indicate regions for which the density
tetrahedral environment is distorted, producing a rather irmatrix becomes negative.
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regular structure in the whole spafdéig. 3(c)]. The anisot- there is a large anisotropy in the DM, with decay especially
ropy that we have discussed is made quite apparent in theséow along the bond direction.

figures.
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