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Imaging fields around growing crystals
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Abstract

Crystal growth morphologies arise from the interplay between interface mechanisms and temperature or concentra-
tion fields around the growing crystal. We shall describe experimental methods which we have developed in order to
measure these fields in both two- and three- dimensional environments. We compare the observations with current
growth theories for examples of two distinctly different types of crystal. The first example is NH

4
Cl, a cubic crystal which

grows dendritically from supersaturated aqueous solution, in which we have measured the two-dimensional concentra-
tion field by interference microscopy. The experiments allow determination of the anisotropies of both the surface tension
and the kinetic growth admittance. As a result we have been able to explain the morphological transition observed in this
crystal at high growth velocities. The second example is heavy ice (D

2
O) growing from supercooled heavy water, in which

we have investigated the three-dimensional temperature field by interference tomography. Ice crystals are very aniso-
tropic and show peculiar growth modes. We illustrate the use of the temperature map in understanding the stability of
asymmetrical morphologies which have been observed in ice and other crystals. ( 1999 Elsevier Science B.V. All rights
reserved.
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1. Introduction

The shapes and symmetries of crystals have al-
ways delighted and intrigued mankind. There are
basically two families of crystal shapes: equilibrium
shapes and growth shapes. Although both result
from the same underlying crystal structure and

symmetry, they have different origins. The equilib-
rium shape is determined by minimizing the total
surface energy of the crystal, and can be described
completely in terms of the surface free energy
c(h, /). The mathematical problem relating the
shape and c was solved by Wulff [1,18]; it is usually
described by a mathematical construction (the
Wulff construction) which has many curious and
intriguing properties and has been analyzed in de-
tail by Herring [2]. The construction leads to
a one-to-one correspondence between crystal prop-
erties and shape. However, true equilibrium shapes
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are rarely observed in reality, and although this
problem has in the past led to some exciting physics
it is today of limited interest. The growth shapes of
crystals show a different picture. A given crystal can
have different morphologies depending on its rate
of growth and its history, and other parameters, not
just c, are involved. These shapes are generally the
ones which are observed (even in geology, where
one might think that enough time has elapsed for
equilibrium to be obtained!), but their explanation
in terms of basic physics has been elusive.

There are several different processes which are
relevant to the growing crystal, and the complica-
tion of the problem essentially arises because these
processes can be mixed in different proportions. In
the case of a crystal growing from a supercooled
melt, we can list the following: diffusion of latent
heat away from the growing crystal—melt interface,
atomic or molecular attachment kinetics at the
interface, local deviation from equilibrium at the
interface resulting from curvature (Gibbs—Thom-
son effect). It is possible to write down equations
representing each of these processes in a more or
less realistic manner, and to try to solve them
together to find the interface position as a function
of time. Even if each of the processes itself is repre-
sented by a linear approximation, the resulting
problem is highly non-linear, because of the mov-
ing interface. As a result, there are often situations
in which small fluctuations grow exponentially and
become dominant in the long run.

Much effort has been put into the search for
stationary solutions to the problem, in which
a given interface shape translates linearly with time,
since such solutions are usually selected by experi-
mental systems. It has been found in general that
stationary solutions can be classified into groups
which appear morphologically different from one
another. Examples are crystalline dendrites
(branching crystals which show strongly directional
properties), symmetry-broken dendrites (which
grow isotropically in pairs, called “doublons” in
two dimensions and triads “triplons” in three di-
mensions, in which each element provides a stable
environment for the others), faceted crystals and
others. In each case theoretical frameworks have
been constructed, either analytically [3,4] or nu-
merically [5,6]. It has recently appeared from the-

oretical work that the different growth modes
appear in fairly well-defined regions of a phase
diagram whose parameters are normalized super-
cooling (D) and anisotropy of surface tension (c(h))
and of kinetic growth admittance (b(h)) [7].

The work described in this paper is an attempt to
connect these theoretical ideas with real life.
Clearly, the shape (morphology) of a crystal, grow-
ing in a medium whose global supercooling alone is
known, does not tell the complete story. We should
like to determine its interface parameters and to
relate these to the growth modes observed. In addi-
tion, we should like to compare the driving fields
calculated in theoretical models with those
obtained in the experiment. To do this, we have
developed optical techniques to image the concen-
tration and temperature fields in two and three
dimensions, and from their behavior at the inter-
face to learn as much as possible about the para-
meters relevant to the models.

2. Interference microscopy and tomography

The techniques which we have developed are
based on the temperature and concentration de-
pendence of refractive index of a transparent fluid.
The refractive index field n(x, y, z) is measured by
interference techniques [8,9]. The experiments use
different types of interferometer for this purpose. In
one variation [10], a quasi two-dimensional optical
cell of thickness Z is situated in a Linnik interfer-
ence microscope (variant of the Michelson inter-
ferometer) and the optical thickness of the cell is
measured as a function of the position in the image
(see Fig. 1). The optical thickness for a double pass
through the object can be represented as a phase
difference /(x, y) with respect to the value /

0
(x, y)

at the same point in an empty cell

/(x, y)!/
0
(x, y)"

4p
j P

Z

0

n(x, y)!n
0
(x, y) dz. (1)

Using computer-based image processing [10] it is
possible to determine the phase at each pixel to an
accuracy of about 0.03. In order to get good imag-
ing, the thickness Z cannot be much larger than the
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Fig. 1. Schematic diagrams showing the optics used in the
experiments: (a) Linnik interference microscope, (b) Optical
tomography using Mach—Zehnder interferometers (only two
interferometers are shown).

depth of focus of the microscope, so that this
method is limited to rather thin cells; the examples
shown in this article refer to a cell 11 lm thick.
Because the cell walls are approximate isotherms,
this two-dimensional method is mainly applicable
to growth from solution, where the concentration
field is measured under isothermal conditions.
A concentration resolution of about 0.01% with
a spatial resolution of 1 lm has been achieved.

The second technique which we have used is
interferometric tomography [11]. This is an exten-
sion of the above idea to three-dimensional fields.
The object is situated in the line of sight of four
interferometers, each with its axis in a different
spatial direction, which carry out integrals of the
form of Eq. (1) along their axes. The output is a set
of projections of n(x, y, z). Using tomographic tech-

niques developed specially for a limited set of pro-
jections [12], we derive the full three-dimensional
function n(x, y, z). We have used this method to
investigate the temperature fields around crystals
growing from the melt; such experiments cannot be
done in the thin two-dimensional cells because the
walls disturb the temperature field. These experi-
ments are macroscopic in scale; a temperature res-
olution of about 0.05°C has been achieved with
a spatial resolution of about 0.5 mm.

3. Growth in two dimensions: ammonium chloride
growing from supersaturated solution

We have used ammonium chloride as an
example for solution growth because the crystals
are quite anisotropic in their growth and because
morphological transitions between growth along
S1 0 0T, S1 1 0T and S1 1 1T with increasing D have
been observed [13]. Models for transitions between
growth morphologies have been described by Ben-
Jacob et al. [14] and Brener [15] and are based on
competition between differing anisotropies of c and
b. For reasons of conservation of matter, growth
occurs fastest where the normal concentration
gradient at the interface is greatest, from which it
follows that the anisotropy of c dominates at low
growth velocities and that of b at high velocities.
We report here a series of experiments at various
growth velocities (controlled by d) which are illus-
trated in Fig. 2. Under conditions where the
growth is in S1 0 0T the interface can clearly be
determined and the concentration (and hence local
supercooling D

i
) determined at each point on it.

Now the local supercooling is made up from two
contributions. The first is the Gibbs—Thomson cur-
vature effect

D
G
"i(c#cA), (2)

where i is the local curvature of the interface and
cA,d2c/dh2 in two dimensions. The second is the
kinetic growth resistance

D
K
"b(h)v

M
(3)

in which v
M

is the growth velocity component nor-
mal to the interface. The normal concentration
gradient is generally largest at points where the
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Fig. 2. NH
4
Cl growing in the S1 0 0T direction. (a) typical interferogram, (b) concentration map.

Fig. 3. The capillary length d
0

and the growth admittance b measured as a function of angle h from the S1 0 0T axis. The data has been
fitted to sinusoidal functions of the angle to emphasize the periodicity.

sum of Eqs. (2) and (3), the total supercooling of the
fluid at the interface, is smallest. Such points would
be expected to grow fastest and their orientations
to be selected, but a complete solution of the field
equations for the whole system is necessary to jus-
tify this statement exactly.

From the determination of the crystal interface
profile (which, incidentally, is well represented by
a parabola near to the growth tip) and the concen-
tration field measurements as a function of growth
velocity it is straightforward to determine b(h) and

(c#cA)(h). A preliminary analysis of the results is
shown in Fig. 3. One should note that the error-
bars of b(h) are very large. When the two contribu-
tions D

G
and D

K
(Eqs. (2) and (3)) are added

together, the minimum of the combined function is
at angle h"0 for small growth velocities, but at
larger velocities the second minimum at h"50°
becomes dominant, and this explains rather nicely
the observed change in growth axis to S1 1 1T.

Continuation of these experiments to crystals
growing in the S1 1 1T direction is not possible,
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Fig. 4. Wulff construction showing why a sufficiently anisotropic crystal grows with a discontinuity at the apex. (a) The circle OABX
goes through the origin O and two points A and B on the v(h) plot. The normals to v(h) at A and B meet at X which is diametrically
opposite O. (b) If APB the circle touches v(h) and X is a candidate point for the crystal profile. (c) If a circle through O touches v(h)
simultaneously at two points A, A@, and their common X is within the curve v(h), there is a discontinuity at X in the slope of the crystal
profile, which changes from tangent AX to A@X. (d) This can be seen if we use the construction in (b) to plot the points X continuously as
A moves around v(h); the curve crosses itself at this point.

because the assumption of a continuous interface
profile, on which definition of i is based, breaks
down. Careful microscopic examination of the tip
reveals that it comes to a tip which is apparently
discontinuous (sharp) on the scale of the resolution
of the microscope [16]. In this case, many possible
orientations h are not represented.

In general, when the growth velocity is high, we
can neglect the capillary correction (2) and repre-
sent D

i
by D

K
alone (3). Now when the crystal

grows, its steady-state shape can be represented by
a Wulff construction on the v(h) polar diagram
[17,19]. This result follows if we consider each
point on the interface as the crystal grows for a time
dt. Its new position will be given by moving the

interface to a point on a plane parallel to the
interface a distance v(h)dt from it in the direction of
growth. This was shown by Frank (see Refs.
[17,19]) to give a Wulff construction in which the
generating function is a polar plot of v(h). It is well
known in the study of equilibrium crystal shapes
[2] that if the generating function is sufficiently
anisotropic, some surface orientations will be miss-
ing. Likewise, if v(h) is sufficiently anisotropic, the
fastest-growing orientations “grow out” of the crys-
tal, whose shape becomes dominated by the
slowest-growing orientations (often, but not al-
ways, facets). A simple geometrical interpretation
which allows us to see when this happens is
shown in Fig. 4; as far as we know, this is the first
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Fig. 5. The temperature map around an asymmetrically-growing ice crystal. (a) contour map; (b) section along the thick black line in (a).

Fig. 6. Wulff diagrams showing orientation discontinuities at
the tip of an anisotropically growing crystal. Curve (a) for v(h)
has mirror symmetry, whereas (b) represents the case where the
increased supercooling on the left has increased the growth
velocities on that side.

exposition of this interpretation of the Wulff con-
struction. The argument, which is developed in
more detail in the figure caption, shows that a dis-
continuity in the gradient of the profile (i.e. a sharp
point) results if it is possible to draw a circle within
v(h) which goes through the origin and touches the
curve v(h) at two points. If this is so, then the angle
jumps from one contact point to the other. Between
these two angles, no data on angular dependences
can be obtained experimentally. In the case of
NH

4
Cl this occurs, essentially, because of the high-

er angular frequency of b(h) once the kinetic term
(3) becomes dominant.

4. Growth in three dimensions: optical tomography
on growing ice crystals

An experimental investigation using optical to-
mography studied the growth of ice crystals from
supercooled water. Since the variation of refractive
index with temperature dn/d¹ is very close to zero
for water at ¹"0°C (water has maximum refrac-
tive index at 0.1°C), heavy water was used for the
experiments, since this has maximum refractive in-
dex at 7°C. Experiments carried out on ice crystals
growing with a pyramidal morphology are de-
scribed in detail by Braslavsky [17] in an ac-
companying paper. Here we shall discuss a more
general question which the experiments help to
answer. Many growing crystals tend to grow in the
form of asymmetrical needles; this has been ob-

served with liquid crystals, helium, ice etc. (Fig. 5a),
which are all anisotropic hexagonal crystals, having
a considerable difference between the growth ad-
mittances along the hexagonal axis (c) and normal
to it (a). However, the anisotropy itself does not
explain the asymmetry of the needles, since sym-
metrically related orientations still have the same
growth parameters. Following the construction
shown in Fig. 4, we can see that the large difference
in growth velocity along c and a leads to pointed
crystals (Fig. 4d). One now asks whether the point
is stable. Following the basic idea of the Mul-
lins—Sekerka instability, one now supposes that
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there is a small fluctuation which increases the
supercooling on one side, causing an increase in the
velocity on that side. The Wulff construction then
shows the crystal point to tilt to that side (Fig. 6).
This situation is unstable since, as a result, the
crystal growth axis deviates to the direction where
the supercooling is greater which reinforces the
increase in velocity that originally caused the tilt.
Using the temperature maps of ice crystals, which
show clearly where the heat emission is greatest, we
can confirm that this is indeed the case (Fig. 5b).

5. Conclusions

In this article we have described briefly how
imaging the concentration and temperature fields
around growing crystals can give new insights
which help to understand both morphology
transitions and instabilities commonly observed
during crystal growth.
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