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1. Out of equilib rium dynamics In glassy systems:
Age-dep endent eects (\Physical aging").

\FDT violations".

2. Mo dels

(a) \Energy landscap e" app roach: the one-level tree trap
mo del.

(b) Coa rsening Iin ferromagnets.

(c) Mean-eld spin glass mo dels: the p-spin mo del.
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Slow dynamics In glasses
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(a) At the glass transition, the system \falls out" of equilib rium.

(b) Viscosities and relaxation times increase dramatically as a material

cools towards Tyg. .



Conventional material
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The two experiments give the same result

Time Translation Invariance (TT|)



Material In a glassy state
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The two experiments give dierent results

TTI Brok en: AGING Il



Probing glassy systems out of equilib rium

Lo ok at quantities that depend on two times: an earlier time ty = t©
(\w aiting time") and a later time t = tw+ . For an observable O,
and its conjugate eld h, consider:

Response (resp onse to an impulse perturbation):

. m t + i R field
RO(tW + y tW) g‘](V\t,W) ) TgT temperature

(@] t' t time

Integrated response (resp onse to a step perturbation):

aT temperature

R
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Auto correlation:
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Aging In glasses: mechanical response in PV C (Struik, 1978)

Poly(vinylchloride)
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Aging In spin glasses:
ZF C relaxation in (Fep:q5Nig-g5)75P16BgAl3s
(Svedlindh et al., PRB 35, 268 (1987))



Aging In spin glasses

Out of phase susceptibilit y 99! :ty) (E. Vincent et al., cond-mat/9607224)
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Describing the nonequilib rium dynamics: time regimes

Timescales of interest: tg tt0 tggra,
where tg: microscopic timescale, tgrg: equilib ration timescale

(19 = st 9+ st t9
C(ttY = Cst(t t9+ Cac(tt9

. Stationa ry regime: TTl + FDT

im¢ a7 Cst(t t9 =0

. Aging regime: NO TTI + NO FDT

lIm Iim C t: t =
e ac (t; 19 JEA
lIm im C t:t = 0
t01 t tO AG %

(\W eak Ergo dicit y Breaking Scenario")
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\W eak"” vs. \true" ergodicit y breaking
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Time regimes Iin a structural glass

DLS: Dynamic structure facto r of a colloidal gel
(Cip elletti et al., PRL 84 2275 (2000))
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C(ty » ttt)

(M. Picco et al., Eur.
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Fluctuation-Dissipation Relations

In equilib rium, the response and correlation are TTI:

R(tw+ tw) ! Req( )  (tw+ ;tw)! Req( );
C(tw+ ;tw)! Req( );

and they are related by the Fluctuation-Dissipation Theo rem:
c A
1 @Ceql )
Req( ) = T @g ,
slope -1/T

eq ) = —(Ceq(®  Ceq( )

C(0) C
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Fluctuation-Dissipation Relations

Out of equilib rium, the linear Fluctuation-Dissipation relation can be
violated. This is describ ed by the violation facto r X o(t; t9:

Ro(t; t9 = Xoftit) @E%tdtcb

In mean eld models, one nds that Xo(t;t9 depends on t;t° only
through the value of the correlation function:

Xo(t; t9 = X[Co(t; t9]

This implies that the relation between correlation and response can be
integrated, yielding:

Colt; t £t

o(t; 19 = doa( ol OT( 91@3200(3
= ZC(tt)dcx C
~ Co(tt9 ol¢]

= o[Co(t; tY]

17



correlation

stationary

In Dt

UT +. FDT

response

wionary

correlation

Qea

1

18



Scenarios for Fluctuation-Dissipation behavior
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p-spin  mo del

Coarsening Random manifolds

Sherrington-Kirkpatrick

Structural glasses mo del

19



\E ective  temp erature”

(Cugliandolo, Kurchan, Peliti PRE 55 3898 (1997) ).

To (tw+ tw) Xo(twTF tw)

\temp erature which would be read on a thermometer with response
time (or frequency 1= ) coupled to the observable O at time ty".
In particula r, a fast thermometer (with response time tw) prob es
the stationa ry regime, and therefo re measures the temp erature of the
environment.
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\FDT violation" (noise vs Z(!) expts.)
Glicerol (Grigera and lIsraelo, PRL 83, 5038 (1999)
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Fluctuation - response In spin glasses

Spin Glass CdCr 1:7Ing-3S4 (Herisson and Ocio, PRL (2002))
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Simple mo dels for aging dynamics

Trap mo dels.

Coarsening.

Mean eld models of aging: the p-spin mo del.
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Energy landscap es and trap mo dels

P. G. Deb enedetti and F. H. Stillinger, Nature 410, 259 (2001)

F. H. Stillinger, Science 267 , 1935 (1995)

J. P. Bouchaud, lecture notes from the \Summer College in Condensed
Matter on Statistical Physics of Frustrated Systems"”, ICTP (1997)
(available at ICTP website)

J. P. Bouchaud, J. Phys. | France 2 1705 (1992)

J. P. Bouchaud and D. S. Dean, J. Phys. | France 5 265 (1995)

Phase space mo dels are a useful class of phenomenological mo dels for
the dynamics of complex systems. The dynamics of the whole system
IS summa rized in the motion of a single point evolving in a complicated

energy landscap e in con guration  space.

The landscap e is simplied in terms of \valleys" or \traps" separated
by \ba rriers". A coarse grained representation of the problem can be

given In terms of states , , , between which the system wanders.
24



Dynamics: Master Equation:

X X
—@): W, P + W, P

@
The choice of the hopping rates W ; then encodes the statistics of
the barrier heights and the geometry of the phase space. It is rather
arbitra ry apart from the constraint of detailed balance:

e ETw, =¢e E=Tyw,

In the simplest trap model, the hopping rate depends only on the

starting state
1

W, = —
' N

where N is the numb er of states. The system has equal chance to go
Into any nal state. We choose

= toexp(B =T)



with B =] | energy barrier around

Mean-eld models of spin-glasses or replica treatment of randomly
pinned manifold suggest that the distribution of the energies IS

exp onential |
i

| ex S

() S

g
The corresponding distribution of trapping times is
to® _
()d = ()d ' ()] 4/
This distribution has a \fat tail". In particula r, the average time spent
In a trap:
2y Z1 4
hi= . d () to —~

is divergent for x < 1, i.e. T < Tg

\The time needed to explore an innite system is innite". This Is the
\W eak ergo dicit y breaking" scenario (as opp osed to \strong ergo dicit y



breaking"”, in which there are many \pure states" separated by in nite
energy barriers).

After a time ty, the system has explored a numb er of traps N (tw),
spending times q; ; N (tw) In each. It turns out that the sum of the
trapping times is dominated by its largest term, max, I.e. the deepest
state traps the system during a time compa rable to the overall ty.

N%tw) Z max max d
tw = i N(tw) d () to —
j 0
max T X
N (tw) to” 1

Where max IS characterized by the probabilit y of nding a time larger
or equal than it being 1=N (tw):

1 21 X Z1 d to X
d () tg v = X :
N (tw) max max max

Combining the two equations we obtain

max  lw:



Trap mo del: aging

( tw+ tw) probabilit y that the system has not changed trap be-
tween time ty and time ty +

For x> 1 (T > Tg), time translation invariance:

ime,n  (tw+ tw) / (to= )X 1

For x < 1 (T < Tg), aging:

: Z
sin( X 1
(tw+ tw) sin(_x) du(@ u)* lu X (tw  to)
+ tw
8
<1 ( :tw)l X tw

X tOX (tW: )X, > tw
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Coarsening and aging

A. J. Bray, Adv. Phys. 51 481 (2002) [reprinted from Adv. Phys. 43,
357 (1994)

A. J. Bray, lecture notes from the \Summer College in Condensed
Matter on Statistical Physics of Frustrated Systems"”, ICTP (1997)
(available at ICTP website)

A. Barrat, Phys. Rev. E 57, 3629 (1998)

Systems cooled from a disordered phase into an ordered phase do not
order instantaneously . The lengthscale of ordered regions grows as the
dierent broken symmetry phases comp ete to select the equilib rium
State.

Consider, in a Ferromagnetic Ising model, a temp erature \gquench"
from initial temp erature T > T¢ to nal temp erature T; < T¢. There
are two equilib rium phases at T;, with magnetizations Mp.

In the thermo dynamic limit, nal equilib rium is never achieved, because

ordered regions have nite sizes at all nite times. 6
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Scaling: pattern at later times statistically similar to pattern at earlier
times, except for a global change of scale.

Tw o kinds of systems: a) systems like the regular Ising mo del (non-
conserved order parameter) b) systems like binary alloys, where \up
spins" represent one kind of atom, therefo re the total numb er of \up
spins” has to be conserved (conserved order parameter).

28



Coarsening and aging

Describ e magnetization by coarse-grained scalar order-pa rameter eld
(X;1).

Scaling hyp othesis (motivated by experimental and simulation results):

\There is a single characteristic length scale L(t) such that the domain
structure Is (in a statistical sense) indep endent of time when lenghts
are scaled by L(t)."

Instantaneous domain structure probed by the equal-time pair corre-
lation function C(r;t) and structure facto r S(Kk;t):

C(r;t)  h(x+ r;t) (x;t)i S(k;t)  h () k()i

h 1 denotes an average over random initial conditions.
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Coarsening and aging
By the scaling hyp othesis:
C(r;t) = f(r=L);  S(k;t) = L9g(kL)
and the dierent-time correlaton C(r;t;t9 h (x+ r;t) (x;t9i:
C(r;t;t9 = f(r=L(t);r=L(tY)
which in the limit L(t) L(t9 takes the form:
C(rigt) ! (L(Y=L(t) h(r=L(1)) ; L(t) L(t9
Auto correlation: A(t;t9 C(0;tt9 (L(t9=L(t)) L(t) LY
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Coarsening and aging

Growth laws and auto correlation:

Non-conserved scalar els:

L (1)

Conserved scalar elds: L(t)

t1:2

t1:3

) At tY

) At t9

(t%t) =2

(t%t) =
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Coarsening:. response to a magnetic eld

Argument. the response to a magnetic eld is proportional to the
surface area of domain walls at the time of application of the magnetic
eld, i.e. proportional to 1=L(t9, therefo re:

. 1 L(t)
R(t; t9 ot Lo

This leads to X (t;t9 L(ltgg II__((tt()) , l.e. the uctuation-dissipation
violation facto r asymptotically goes to zero.
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Coarsening In disordered systems

Domain walls are pinned by quenched disorder. This mak es the domain
growth much slower than in 'pure' systems, typically it is expected to
be loga rithmic:

L(t) (T log(t=tp))

This can be explained by a scaling argument:. the typical pinning barrier
B of a domain wall of linear size L(t) grows as L(t) , where IS an
exponent which depends on the problem (random eld/random  bond)
and the dimension of space. The typical time to activate over this
energy barrier iIs then

cL(t
t toexpB=T tpexp ()

which gives rise to the logarithmic dependence of L(t) with t. s



Non-equilib rium dynamics In the p-Spin Mo del

Cugliandolo and Kurchan, PRL 71, 173 (1993)

L. F. Cugliandolo, lecture notes from the \Summer College in Con-
densed Matter on Statistical Physics of Frustrated Systems"”, ICTP
(1997) (available at ICTP website)

Hamiltonian
X 1 X
H = JigumipSia 21 Sip T Nip:i Sig 2o Si
1<t <ip 1< <iry
- o PN 204y =
Spherical constraint: i=1 Sf(t) = N
Gaussian distribution  of couplings with
(Jiy:ip) = 05 (Jil:::ip)2 = pl=2NP 1)

34



p-Spin Mo del

Langevin dynamics (thermal bath $ (t), constraint $ z):

0T @si(t) = z(t)si(t) + (1)

H
Si(t)

Take the Ilimit N ! 1 at nite times ) aging dynamics .

Dynamics describ ed by closed equations for the correlation C(t;t9
and response R(t; t9:

1 X . 1 X @si(b)i
ctty = hsi(0)si(tYi; R(;tY = '
N =g N.., @;(t9

The correlation and response are self-averaging with respect to
both the thermal noise and the quenched disorder.
35



pP-Spin Mo del: dynamical equations

Dynamical equations for correlation and response ( p 2=2):

@gtq = (1 p E1) c(tt9+2 R(t%0)
Z 10
s Ot dt®P 1(t t9 R(t%t%9
Z
+ (p 1) Otdtoch(t;toﬁ’cp () )
@R (t; 19

= @ p E@)RELY+ (¢t Y
@ 7

+ (p 1) tOdtoch(t;toﬁ?c"’ 2t: 19 r(19%9t9

Reparametrization invariance: in the Ilimit of slow dynamics, the
dynamical equations are still satised if C(t;t9 and R(t;t9 are re-
placed by:

dh
c(t 1) = Ch(:h(td) Rt = R(h(t);h(t})
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p-Spin Mo del: behavior at high temp erature

Assuming that TTlI and FDT are satis ed:

Z
dC( ) 1 0 1 @C( .
= z1C()+ = d “[C P im C( )= 0
- 1COHY+ & dleC 9P t=og im C()
As T is lowered, a critical temp erature T¢ app ears, where
im 1 C( )= gga > 0.
For T above but near T¢, C( ) displays \t wo-step relaxation": it decays
rst to a plateau at C gea for intermediate , and later to zero for
1.
C() Ga+ca ¢ C Ggea; C() dea ©C° C  Cea:

The closer the temp erature to T¢, the longer the intermediate plateau.
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In t
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P-Spin Mo del: behavior at low temp erature

3 time regimes:

i Finite =1t t° t, TTI and FDT still satised ) one dynamical
equation. For large (but still small compared to t): C(tt9 !

GEa>0; R(ttY! 0

i (t t9=t O0O(),
tot; C(t;t9 = oC( ); R(ttY = G( )=t
with 0< < 1; C(C1) = 1.

Tw o coupled integral equations for C( ) and G( ) yield a nontrivial
solution:

G( )= xqC{ ); C( )=

39



which corresp onds to

tw
tw +

C(tw+ ;tw) = (@

IS not determined Dby the asymptotic equations, determining its
value involves matching to the solutions at tw. This is a special
case of the invariance under reparametrizations of the time vari-
able, t! h(t), which applies Iin the long time asymptotic regime.

Finite t9 ( 0). This includes the case t9= 0, which yields the
magnetization decay m(t) = C(t;0) t



Summa rizing the results of regimes | and ii, the uctuation-dissipation
violation factor X (tw + ;tw) depends on the times only through the

value of C(tw + ;tw), and it has the follo wing form:

8

< 1 C> gea
X(C) =,
- X(T) C< gea

with 0 < X(T) < 1 a function of temp erature.

The asymptotic behavior of the correlation for C  qggpa IS still given
by two power laws (as it is when T > T¢), but in the case T < T¢ the
correlation decay depends on ty through an \eective waiting time"

W.

C() deatca % C  Oga; C() gea G =w)P C Cga:
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Conclusions and further remarks

Aging eects are a natural feature of systems characterized by
a very large relaxation time, because time-translation Invariance
breaks down and the well known uctuation-dissipation theo rem
has to be modied in a non-trivial way. The \e ective" relaxation
time becomes histo ry-dep endent, and grows with waiting time.

The detailed investigation of the aging e ects provides a tool for
probing the phase-space structure of complex systems.

We have briey describ ed some simple mo dels which provide dif-
ferent points of view for understanding aging: trap mo dels, coars-
ening, and the mean-eld p-spin mo del.

The trap model provides a description for a dynamical evolution
due entirely to activation processes. It gives rise to \simple agiélr%g",



i.e. two-time correlations that depend on the ratio t=t® One
application of trap mo dels has been its use as a phenomenological

to ol to parametrize results of numerical simulations in superco oled
liquids close to the glass transition temp erature, in which activation

pro cesses are believed to be imp ortant.

Mo dels of coarsening have direct experimental application to the
dynamics of magnetic systems and alloys, when quenched below
their ordering temp erature. They display aging in the correlation
function, but not in the response function. The response is asymp-
totically zero In the aging regime, leading to a maximal violation
of the FDT. The correlation scales like C(t;t9 = €&(L(t)=L(t9),
which leads to simple t=t9 scaling in the case of a clean system,
and to In(t)=In(tY scaling in the case of a system with disorder.

The mean eld p-spin mo del provides an example of a mo del that
IS simple enough to be solvable but at the same time presents a
rich glassy phenomenology . In the high temp erature phase, near



the transition temp erature, it displays \t wo step" relaxation: the
correlation rst decays relatively rapidly to an intermediate value
Jea > 0, and later to zero. The model is mathematically equiv-
alent to a version of the mode-coupling approximation, used to
describ e the dynamics of (equilib rium) supercooled liquids. Below
the transition temp erature, it displays \simple" t=t9 aging, and a
violation of the Fluctuation-Dissipation Theo rem characterized by
the presence of one e ective temp erature Tqf = T=X (as opp osed
to a continuously varying e ective temp erature in the Sherrington-

Kirkpatrick mo del, which is another mean-eld spin glass mo del).
One weakness of mean-eld spin glass models is that they com-
pletely exclude activation processes. In real physical systems in
nite dimensions, metastable states that would have an in nite

lifetime according to mean eld theory, acquire a nite relaxation

time, through bubble nucleation.



